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GEOMETRY OF COMPLEX BOUNDED DOMAINS WITH
FINITE-VOLUME QUOTIENTS
KEFENG LIU AND YUNHUI WU
Abstract. We first show that for a bounded pseudoconvex domain
with a manifold quotient of finite-volume in the sense of Ka¨hler-Einstein
measure, the identity component of the automorphism group of this
domain is semi-simple without compact factors. This partially answers
an open question in [Fra95]. Then we apply this result in different
settings to solve several open problems, for examples,
(1). We prove that the automorphism group of the Griffiths domain
[Gri71] in C2 is discrete. This gives a complete answer to an open
question raised four decades ago.
(2). We show that for a contractible HHR/USq complex manifold D
with a finite-volume manifold quotientM , if D contains a one-parameter
group of holomorphic automorphisms and the fundamental group of M
is irreducible, then D is biholomorphic to a bounded symmetric domain.
This theorem can be viewed as a finite-volume version of Nadel-Frankel’s
solution for the Kahzdan conjecture, which has been open for years.
(3). We show that for an irreducible bounded convex domain D ⊂ Cn
of C1-smooth boundary, if D has a finite-volume manifold quotient with
an irreducible fundamental group, then D is biholomorphic to the unit
ball in Cn, which partially solves an old conjecture of Yau.
For (2) and (3) above, if the complex dimension is equal to 2, more
refined results will be provided.
1. introduction
D. Kazhdan conjectured that any irreducible bounded domain with a
one-parameter group of holomorphic automorphisms and a compact quo-
tient is biholomorphic to a bounded symmetric domain. Frankel [Fra89]
first proved this conjecture for the case that the bounded domain is convex.
Subsequent works by Nadel [Nad90] and Frankel [Fra95] completely con-
firmed Kazhdan’s conjecture. How to extend it to the finite-volume quotient
case, containing the Teichmu¨ller space of Riemann surfaces, is a well-known
open problem in geometry and complex analysis. The main purpose of this
article is to study this open problem and related topics.
Recall that the proof of Kazhdan’s conjecture consists of two parts:
2010 Mathematics Subject Classification. Primary 32Q30, 53C24 Secondary 32M15,
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(1). It was shown that the identity component of the automorphism
group of the bounded domain in Kazhdan’s conjecture is semi-simple (see
[Fra89, Theorem 10.1] or [Nad90, Theorem 0.1]) without compact factors
(see [Nad90, Theorem 0.1]).
(2). Frankel in [Fra95] applied part (1) above and strong harmonic map
techniques (see Theorems 1.3, 2.3, 3.1 and Prop. 4.2 in [Fra95]) to complete
the solution of Kazhdan’s conjecture.
In this paper, we will prove cetain finite-volume versions of the Nadel-
Frankel theorem [Fra95, Theorem 0.1] on the solution of Kazhdan’s conjec-
ture. As in part (1), in the finite-volume case we will firstly show that the
identity component Aut0(D) of the automorphism group of the bounded
domain D is semi-simple without compact factors. For this part, we will
follow some ideas of Frankel [Fra89]. One may see the following subsection
1.1 and section 3 for more details. For the second part, it is not easy to
extend the work of Frankel in [Fra95] to the finite-volume case by using
harmonic map techniques. In this paper we will develop a complete differ-
ent method (without using harmonic map techniques) as in [Fra95]. Except
the complex two dimensional case, we will use cetain Lie group theory and
ℓ2 cohomology theory to show that if Aut(D) is not discrete,
dim(D) = dim(Aut0(D)/K)
where K is the maximal compact subgroup of Aut0(D). This in particular
implies that D is biholomorphic to a bounded symmetric domain. One may
see the proof of Theorem 1.7 in section 5 on details.
1.1. Semisimple without compact factors. LetM be a connected com-
pact complex manifold with ample canonical bundle, M˜ be the universal
covering space of M and Aut0(M˜) be the identity component of the auto-
morphism group Aut(M˜ ) of M˜ . Nadel proved
Theorem (Nadel). [Nad90, Theorem 0.1] The group Aut0(M˜) is a real
semisimple Lie group without compact factors.
In the important special case that M˜ is a bounded domain in Cn, this
theorem was obtained by Frankel [Fra89, Theorem 10.1]. And the theo-
rem above is crucial in [Fra95] to complete the confirmation of Kazhdan’s
conjecture. And Frankel asked
Question 1.1. [Fra95, Page 296] How to extend the theorem of Nadel to
the finite volume case?
It is known that a bounded domain with a compact manifold quotient is
pseudoconvex. And the works of Cheng-Yau [CY80] and Mok-Yau [MY83]
tell that there always exists a complete Ka¨hler-Einstein metric on a bounded
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pseudoconvex domain. Clearly the Ka¨hler-Einstein metric induces a natu-
ral measure which is called the Ka¨hler-Einstein measure. We denote it by
VolKE. Our first result is to give a positive answer to Question 1.1 for the
case that M˜ is a bounded pseudoconvex domain. More precisely,
Theorem 1.2. Let D be a bounded pseudoconvex domain with a manifold
quotient M satisfying VolKE(M) <∞. Then Aut0(D) is a real semisimple
Lie group without compact factors.
The group Aut0(D) above could be trivial. In the following subsections
applications of Theorem 1.2 in different settings will be discussed.
1.2. Bounded domains in C2. It is known that any bounded symmetric
domain in C2 is biholomorphic to either the bi-disk D × D or the complex
two dimensional unit ball B. The first application of Theorem 1.2 is the
following rigidity result in the complex two dimensional case, which may be
viewed as a finite-volume version of [Nad90, Theorem 0.2] for the case that
M˜ is a bounded pseudoconvex domain. More precisely,
Theorem 1.3. Let D ⊂ C2 be a contractible bounded pseudoconvex do-
main with a manifold quotient M satisfying VolKE(M) <∞ and the Euler
characteristic number χ(M) > 0. Then exactly one of the following is valid:
(i) D is biholomorphic to the complex two dimensional unit ball B.
(ii) D is biholomorphic to the bi-disk D× D.
(iii) The group Aut(D) is discrete.
Where Aut(D) is the automorphism group of D.
Griffiths [Gri71] constructed a complex two dimensional contractible
bounded domain D as the universal covering space of a Zariski open set.
He proved that this domain is biholomorphic to a bounded pseudoconvex
domain by using the theory of simultaneous uniformization of Riemann sur-
faces due to Bers. This domain D is a disc fibration over the unit open disc,
which holomorphically covers a manifold M which is a surface fibration over
a surface S. One may refer to [GD08, GR15, Ima83, Sha77] for related
topics. The following question was listed by Fornaess and Kim, which has
been open for four decades.
Question 1.4. [FK15, Problem 18] Is Aut(D) discrete?
Shabat [Sha77, Theorem 3] showed that Aut(D) is discrete provided that
either the base or each fiber of M is compact. The difficult part of Question
1.4 is the case that both the base and the fibers of M are open surfaces.
As a direct application of Theorem 1.3, in this paper we give an affirmative
answer to Question 1.4.
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Theorem 1.5. Let D be the complex two dimensional bounded domain con-
structed by Griffiths [Gri71] which is not biholomorphic to the bi-disk D×D.
Then the automorphism group Aut(D) is discrete.
1.3. HHR/USq complex manifolds. As in [LSY04, LSY05], a complex
manifold D of dimension n is said to be holomorphic homogeneous regular
(HHR) if there exists a constant a ∈ (0, 1] such that for any p ∈ D there is
a holomorphic map fp : D → C
n satisfying
(i) fp(p) = 0 ∈ C
n;
(ii) fp : D → fp(D) ⊂ C
n is biholomorphic;
(iii) B(0; a) ⊂ fp(D) ⊂ B(0; 1) where B(0; a) is the Euclidean geodesic
ball of radius r centered at 0 in Cn.
In [Yeu09] a HHR complex manifold is also called a manifold with the
uniform squeezing property (USq). The motivation of HHR/USq complex
manifolds can go back to Morrey’s work [Mor08, Chapter 10] on higher
dimensional plateau problems. Examples of HHR/USq complex manifolds
contain
(i) bounded homogeneous domains;
(ii) Bounded domains which covers compact manifolds—the ones in
Kazhdan’s conjecture;
(iii) [Ber60] Teichmu¨ller space of Riemann surfaces;
(iv) [Fra91, KZ16] Bounded convex domains;
(v) Products of domains as above.
It was shown in [LSY04, LSY05, Yeu09] that on a HHR/USq complex
manifold D, the Carathe´odory metric, Kobayashi metric, Bergman metric
and Ka¨hler-Einstein metric are equivalent. The automorphism group of D
acts as isometries on D endowed with any one of these four metrics. For
the case that D is the Teichmu¨ller space Tg,m of Riemann surfaces of genus
g with m punctures, one may also refer to [Che04, McM00] for more
equivalent Ka¨hler metrics. When we say a HHR/USq complex manifold
covers a manifold M of finite-volume, the measure on M is the one induced
by any one of the four classical metrics above.
Let D be a HHR/USq complex manifold. In particular, by definition one
may view D as a bounded domain. It is known [Yeu09, Lemma 2] that
D is a bounded pseudoconvex domain. When D is of complex dimension
two, we have the following result which is a consequence of Theorem 1.3 by
checking χ(M) > 0.
Theorem 1.6. Let D be a contractible, complex two dimensional, HHR/USq
complex manifold with a finite-volume manifold quotient M . Then exactly
one of the following is valid:
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(i) D is biholomorphic to the complex two dimensional unit ball B.
(ii) D is biholomorphic to the bi-disk D× D.
(iii) The group Aut(D) is discrete.
When D has complex dimension greater than or equal to 3, if we let
D = B ×Tg,m (3g +m ≥ 5) where B is a bounded symmetric domain, then
it is easy to see that D is HHR/USq, and admits a finite-volume quotient
because both B and Tg,m are HHR/USq and do admit finite-volume manifold
quotients. Moreover, Aut(D) is not discrete because Aut(B) ⊂ Aut(D) is
not discrete. However, D is not symmetric because Tg,m is not symmetric.
So it requires more assumption for any possible generalization of Theorem
1.6 to higher dimensions.
We say that a group Γ is irreducible if any finite index subgroup of Γ can
not split, that is, any finite index subgroup Γ′ of Γ is not of form Γ1 × Γ2
where Γi (i = 1, 2) cannot be trivial. Another application of Theorem 1.2
is the following one, which may be viewed as a finite-volume version of
the Nadel-Frankel theorem [Fra95, Theorem 0.1] for the case that M˜ is
HHR/USq and dimC(M˜) ≥ 3.
Theorem 1.7. Let D be a contractible, complex n (n ≥ 3)-dimensional,
HHR/USq complex manifold with a finite-volume manifold quotientM whose
fundamental group π1(M) is irreducible. Then either
(i) D is biholomorphic to a bounded symmetric domain, or
(ii) the group Aut(D) is discrete. Moreover, [Aut(D) : π1(M)] <∞.
Remark 1.8. It is known that the Teichmu¨ller space Tg,m of Riemann sur-
faces of genus g with m punctures is contractible and has a finite-volume
manifold quotient; the mapping class group is irreducible; and Tg,m (3g+m ≥
5) is not symmetric. Thus, a direct consequence of the theorem above is that
Aut(Tg,m) (3g +m ≥ 5) is discrete, which is due to Royden [Roy71].
Remark 1.9. If the Ka¨hler-Einstein metric (or any Aut(D)-invariant Rie-
mannian metric which is equivalent to the Ka¨hler-Einstein metric) on D has
nonpositive sectional curvature, the works in [Bal85, BS87, Ebe82, EH90]
imply that D is isometric to a symmetric space provided that Aut(D) is not
discrete. Here we do not have any assumption on the sectional curvature of
the Ka¨hler-Einstein metric, although it is known that the sectional curva-
tures are bounded (one may see Theorem 2.2 for more details).
Remark 1.10. To our best knowledge, Theorem 1.7 is new even for the
case that D is a strictly convex bounded domain.
If M is compact, as stated above, Theorem 1.7 is due to Frankel-Nadel
[Nad90, Fra95]. One may refer to [CFKW02, IK99, Siu91, Won77,
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Won81, Yau11, Zim17b] for related topics. Throughout this article we
always assume that the quotient manifold (also including the subsequent
ones) is open.
We enclose this subsection by the following characterization for bounded
symmetric domains, which is also an application of Theorem 1.2.
Theorem 1.11. Let D be a contractible HHR/USq complex manifold with a
finite volume quotient manifoldM such that the fundamental group π1(M) <
Aut0(D). Then D is biholomorphic to a bounded symmetric domain.
Comparing to Theorem 1.7, the fundamental group of the quotient manifold
in Theorem 1.11 is not required to be irreducible.
1.4. Bounded convex domains. A remarkable theorem of Frankel [Fra89]
says that a bounded convex complex domain with a compact quotient is bi-
holomorphic to a bounded symmetric domain, which confirmed a conjecture
of S.-T. Yau [Yau87]. It is an open problem that whether the condition on
a compact quotient in Frankel’s theorem can be replaced by a finite-volume
quotient. One may see [Siu91, Page 124] in Siu’s survey for more details.
We state the following conjecture which is well-known to experts.
Conjecture 1.12. A bounded convex domain with a finite-volume manifold
quotient is biholomorphic to a bounded symmetric domain.
Recall that it is known by [Fra91, KZ16] that a bounded convex complex
domain is always HHR/USq. As stated before, the measure on the finite-
volume quotient is induced by a metric which is equivalent to the classical
Kobayashi metric, such as the Ka¨hler-Einstein metric.
A special case of Conjecture 1.12 (e.g. [Siu91, Conjecture 3.7]) is that
the Teichmu¨ller space Tg,m (3g +m ≥ 5) is not biholomorphic to a bounded
convex domain. Kim [Kim04] showed that the image of the Bers embedding
is not convex in C3g+m. Recently Markovic completely [Mar] solved this
conjecture by showing that the Kobayashi metric and the Carathe´odory
metric do not coincide on Tg,m. Then by work of Lempert [Lem87] the
Teichmu¨ller space Tg,m can not be convex.
The following two corollaries give positive evidences to Conjecture 1.12.
The first one is a direct consequence of Theorem 1.7 and 1.11.
Corollary 1.13. Let D ⊂ Cn(n ≥ 3) be a bounded convex domain with a
finite-volume manifold quotient M . If either
(i) the domain D contains a one-parameter group of holomorphic au-
tomorphisms and the fundamental group π1(M) is irreducible,
(ii) or the fundamental group π1(M) < Aut0(D),
then D is biholomorphic to a bounded symmetric domain.
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The second one is a direct consequence of Theorem 1.6.
Corollary 1.14. Let D ⊂ C2 be a bounded convex domain with a finite-
volume manifold quotient. Then D is biholomorphic to either B or D × D
if and only if the domain D contains a one-parameter group of holomorphic
automorphisms.
A remarkable theorem of Wong-Rosay [Won77, Ros79] says that a
bounded domain D in Cn with a compact quotient is biholomorphic to
the unit ball provided that the boundary of D is C2-smooth. It is stated in
[Won77, Page 257] that S.-T. Yau suggested that the condition on a com-
pact quotient in Wong-Rosay’s theorem can be replaced by a finite-volume
quotient. More precisely1,
Conjecture 1.15 (Yau). Let D ⊂ Cn (n ≥ 2) be a bounded pseudoconvex
domain whose boundary is C2-smooth. Assume that D has an open quo-
tient of finite-volume (in the sense of Ka¨hler-Einstein measure). Then D is
biholomorphic to the unit ball in Cn.
If the bounded domain is convex, we have the following two rigidity re-
sults, which are partial answers to Conjecture 1.12 and 1.15. And the hy-
pothesis only assumes that the convex domain has C1-smooth boundary.
Theorem 1.16. Let D ⊂ Cn (n ≥ 3) be an irreducible bounded convex do-
main of C1-smooth boundary. If D has a finite-volume manifold quotient
whose fundamental group is irreducible, then D is biholomorphic to the com-
plex n-dimensional unit ball in Cn.
For complex two dimensional case, the condition on irreducible in Theo-
rem 1.16 can be removed. More precisely, we have
Theorem 1.17. Let D ⊂ C2 be an irreducible bounded convex domain of
C1-smooth boundary. If D has a finite-volume manifold quotient, then D is
biholomorphic to the complex two dimensional unit ball B.
We remark here that there is no regularity assumption on the boundaries
of the complex domains in this article, except the ones in Theorem 1.16 and
1.17. And we also remark that the manifold quotients in the theorems in
this introduction are always assumed to be open.
Recently, A. Zimmer [Zim18] claims a solution of Conjecture 1.15.
Plan of the paper. In Section 2 we give some necessary backgrounds for
bounded pseudoconvex domains and HHR/USq complex manifolds. And we
1We are grateful to Prof. B. Wong for bringing this question to our attention.
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also provide some necessary propositions for Aut(D) and the fundamental
group of the quotient manifold. In Section 3 we will complete the proof of
Theorem 1.2, that is to show that for a bounded pseudoconvex domain D
with a finite-volume manifold quotient, the identity component of Aut(D)
is a real semisimple Lie group without compact factors. Then we will apply
Theorem 1.2 to different settings in the subsequent sections. In Section 4 we
will finish the proofs of Theorem 1.3 and 1.5. In Section 5 we will complete
the proofs of Theorem 1.6, 1.7 and 1.11. In the last section we will prove
Theorem 1.16 and 1.17 by using Theorem 1.6 and 1.7.
Acknowledgement. The authors would like to thank Prof. W. Ballmann,
S. Krantz, B. Wong, S. T. Yau and K. Zuo for their interests. We especially
would like to thank to Prof. B. Wong and S. T. Yau for their invaluable
comments and suggestions which greatly improve this article. The first
author is partially supported by the NSFC, Grant No. 11531012 and a
NSF grant. And the second author is partially supported by a grant from
Tsinghua university.
2. Notations and Preliminaries
This section contains general facts and necessary propositions for the
proofs in subsequent sections. The general notation we use is as follows:
(i) D is a bounded pseudoconvex domain or a HHR/USq complex man-
ifold;
(ii) M is a finite-volume manifold quotient of D;
(iii) Γ := π1(M);
(iv) Aut(D) is the automorphism group of D (clearly containing Γ);
(v) Aut0(D) is the identity component of Aut(D);
(vi) Γ0 := Γ ∩Aut0(D).
2.1. Ka¨hler-Einstein metric. Our work highly relies on the Ka¨hler-Einstein
metric. We summarize the results needed.
Let D be a bounded pseudoconvex domain. One may refer to the book
[Dem] for general theory for bounded pseudoconvex domains. Cheng-Yau
[CY80] showed that there always exists a complete Ka¨hler-Einstein metric
on a bounded pseudoconvex domain of C2-smooth boundary. Later Mok-
Yau [MY83] removed the assumption on C2-smoothness for the boundary.
More precisely,
Theorem 2.1 (Cheng-Mok-Yau). Let D be a bounded pseudoconvex do-
main. Then there exists a complete Ka¨hler metric ω on D such that
(i) The Ricci curvature Ricω = −1;
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(ii) The automorphism group Aut(D) acts on (D,ω) by isometries.
Throughout the article we always assume that the complex manifold D
is endowed with this Ka¨hler-Einstein metric. We write D for (D,ω) for
simplicity.
2.2. HHR/USq complex manifolds. The definition for a HHR/USq com-
plex manifold is given in the introduction. LetD be a contractible HHR/USq
complex manifold. In particular, by definition one may view D as a bounded
domain. It is known [Yeu09, Lemma 2] that D is a bounded pseudoconvex
domain. And by Theorem, 2.1 D admits a complete Ka¨hler-Einstein metric
ω which is Aut(D)-invariant.
Assume that D has a finite-volume manifold quotient M , that is, D holo-
morphically covers M and M has finite volume in the sense of a measure
induced from certain metric ds2 which is equivalent to the Ka¨hler-Einstein
metric on D. In particular, the works in [LSY04, Yeu09] tell us that
the metric ds2 can be chosen to be any one of the Carathe´odory metric,
Kobayashi metric, Bergman metric and Ka¨hler-Einstein metric. We con-
sider the complete Ka¨hler-Einstein metric on M , which is induced from the
Ka¨hler-Einstein metric ω on D.
We say that M has bounded geometry if
(i) M is complete and has finite volume;
(ii) The sectional curvature of M is bounded from below and above;
(iii) The injectivity radius of D is bounded from below by a positive
constant.
We say that M is Ka¨hler-hyperbolic if
(i) M has bounded geometry;
(ii) on D, the Ka¨hler form ω = dβ for some bounded 1-form β.
The following result is part of [Yeu09, Theorem 2]. One may also refer to
[LSY05, Section 4] for the case that D is the Teichmu¨ller space of Riemann
surfaces.
Theorem 2.2. Let D be a contractible HHR/USq complex manifold with a
finite-volume manifold quotient M . Then M is Ka¨hler-hyperbolic.
From [Yeu09, Corollary 2] we know that M is a quasi-projective variety.
It is well-known that a quasi-projective variety is a finite CW-complex (one
may see [Dim92] for more details).
We enclose several properties for the above groups, which will be used in
subsequent sections.
The following lemma is well-known.
Lemma 2.3. If D is contractible, then the group Γ is torsion-free, so is Γ0.
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Proof. It directly follows from the classical Smith Theorem. Or let A be a
finite subgroup of Γ. Since D is contractible, the cohomology dimension of
D/A is the same as the cohomology dimension of A. Since M = D/Γ is
a manifold, D/A is a manifold. In particular D/A has finite cohomology
dimension. On the other hand, since A is finite, the group A has infinite
cohomology dimension, which is a contradiction.
Proposition 2.4. If D is contractible, then the Euler characteristic number
satisfies that the signature
sign(χ(M)) = (−1)n.
In particular,
χ(Γ) 6= 0.
Proof. We follow a similar argument as in [McM00]. By Theorem 2.2 we
know that M is Ka¨hler-hyperbolic. Gromov shows that the L2-cohomology
group of a Ka¨hler-hyperbolic is concentrated in the middle dimension. Since
M is Ka¨hler-hyperbolic of complex dimension n, from the generalized Atiyah’s
Covering Index Theorem [CG85] one may get that the signature satisfies
sign(χ(M)) = (−1)n.
Since D is contractible, χ(Γ) = χ(M). So the conclusion follows.
The following proposition will be applied to prove Theorem 1.5 and 1.11.
Proposition 2.5. The cardinality of Γ satisfies
|Γ| =∞.
Proof. Since M has finite volume, it suffices to show that
Vol(D) =∞
where we use the Ka¨hler-Einstein measure.
By Theorem 2.2 we know that D has bounded geometry. In particular,
the sectional curvature of D (in the sense of the Ka¨hler-Einstein metric) is
bounded and we may assume that ǫ0 > 0 is a lower bound for the injectivity
radius of D. Then the standard comparison theorem in Riemannian geom-
etry gives that for any p ∈ D there exists a constant c(ǫ0) > 0 such that the
volume
Vol(B(p, ǫ0)) ≥ c(ǫ0) > 0
where B(p, ǫ0) ⊂ D is the geodesic ball of radius ǫ0 centered at p.
By Theorem 2.2 we know that D is complete. Since D is non-compact,
we may choose a geodesic ray γ : [0,∞) → D with an increasing sequence
{ti}i≥1 such that for all ti 6= tj,
dist(γ(ti), γ(tj)) ≥ 4ǫ0.
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It is clear that the triangle inequality gives that
B(γ(ti), ǫ0) ∩B(γ(tj), ǫ0) = ∅, ∀ti 6= tj.
Recall that Vol(B(p, ǫ0)) ≥ c(ǫ0) for all p ∈ D. Thus, we have
Vol(D) ≥ Vol(∪B(γ(ti), ǫ0)(2.1)
=
∑
Vol(B(γ(ti), ǫ0))
= ∞.
The proof is complete.
3. Semisimple and No Compact Factor
Let D be a bounded pseudoconvex domain with a manifold quotient M
of finite volume in the sense of the Ka¨hler-Einstein measure. In this section
we complete the proof of Theorem 1.2, which is divided into the following
two propositions.
Proposition 3.1 (Semisimple). The group Aut0(D) is semisimple.
Proposition 3.2 (No Compact Factor). The group Aut0(D) has no non-
trivial compact factor.
Recall that Γ = π1(M) and Γ0 = Aut0(D) ∩ Γ. Before proving the two
propositions above, we firstly provide the following result, which is crucial in
the proofs of Proposition 3.1 and 3.2. It roughly says that the information on
finite-volume of M can be transferred to Γ0 in some sense. More precisely,
Lemma 3.3. The group Γ0 is a lattice of Aut0(D). In particular, Γ0 is an
infinite group if Aut0(D) is nontrivial.
Proof. Let D = (D,ω) where ω is the unique complete Ka¨hler-Einstein met-
ric on D. From Theorem 2.1 we know that Aut(D) acts on D by isometries.
Then the conclusion follows by entirely the same argument for the proof
of [FW10, Step-1 on page 94], where no special properties of Tg,n and the
mapping class group are applied, except that the moduli space of Riemann
surfaces endowed with the candidate metric has finite volume. For com-
pleteness, we give an outline for the proof here.
Let dimC(D) = n > 0. Since D is a complete Ka¨hler manifold, there is a
natural unit sphere-bundle over D, whose fiber over each x ∈ D is the unit
sphere Sx of the tangent bundle of D. We also have the associated bundle
E → D whose fiber is the 2n-fold product of S2nx . Let F(D) denote the
subbundle of this bundle, with fiber the set of 2n-tuples of distinct points of
Sx that span the tangent space TxD of D at x. Recall that the exponential
map on a complete Riemannian manifold is a local diffeomorphism. Since
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an isometry of D take geodesic rays to geodesic rays, one may see that the
set of points of D for which an element in Aut(D) is the identity and has
derivative the identity, is both open and closed. Thus, the action of Aut(D)
on F(D) is free.
There is a natural Aut(D)-invariant measure on F(D), which is induced
from the natural measure on E. More precisely, the bundle E → D discussed
above is locally a product of form U × S2n, where U is a neighbourhood
in D and S ⊂ R2n is the unit sphere. The Ka¨hler-Einstein metric on D
determines the Ka¨hler-Einstein measure on D, which induces the Ka¨hler-
Einstein measure ν on U . On S, we have an induced measure µ which is given
infinitesimally by the rule that, for a subset A ⊂ Sx, the measure is given by
the measure of the Euclidean cone of A, normalized so that the measure of
Sx is equal to 1. The local product measure ν×µ gives an Aut(D)-invariant
measure on E, which induces an Aut(D)-invariant measure of F(D). By
construction, the pushforward of this measure under the natural projection
F(D) → D is the Ka¨hler-Einstein measure on D induced by the Ka¨hler-
Einstein metric on D.
By Myers-Steenrod [MS39] we know that Aut(D) is a Lie group which
acts properly discontinuously on D. Let x ∈ F(D) and Aut(D) · x be the
Aut(D)-orbit. The Slice Theorem for proper group action (e. g. [DK00,
Theorem 2.4.1]) implies that there is an Aut(D)-invariant tubular neigh-
bourhood V ⊂ F(D) of Aut(D) · x that is a homogeneous vector bundle
π : V → Aut(D) · x ⊂ F(D).
The measure on F(D) constructed above reduces to a measure on V , and
the pushforward of the measure on V under the projection above is a left-
invariant measure on Aut(D)·x, which can be identified with a left-invariant
measure on Aut(D) · x. Thus, this measure on Aut(D) · x is proportional to
the unique Haar measure on Aut(D). In particular, if a subset A ⊂ Aut(D)
has infinite measure then π−1(A) has infinite measure.
Choose a fiber F of the bundle V → Aut(D) ·x such that V = Aut(D) ·F .
Since Aut0(D) < Aut(D) is a connected closed subgroup, one may write V as
a disjoint union of Aut0(D)-orbits of F , one for each element of π0(Aut(D)).
Thus, V/Γ is given by the image of the Aut0(D)-orbit W of D under the
projection
F(D)→ F(D)/Γ = F(M).
Since Aut(D) acts freely on F(D), when restricted to W this projection is
a measure-preserving homeomorphism.
Now we argue by contradiction. Assume that Aut0(D)/Γ0 has infinite
measure, by the discussion above W would also have infinite measure, so
would F(M). However, the pushforward of the measure under the natural
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projection F(M) → M is the Ka¨hler-Einstein measure on M , which in
particular tells thatM has infinite Ka¨hler-Einstein measure, contradicting to
our assumption thatM has finite volume with respect to the Ka¨hler-Einstein
measure. Therefore, we conclude that Aut0(D)/Γ0 has finite measure. That
is, Γ0 is a lattice of Aut0(D).
3.1. Aut0(D) is semisimple. We follow the idea in [Fra89, Section 10],
although the cocompactness assumption is essential in the proof of [Fra89,
Theorem 10.1]. Actually the cocompactness assumption was used to ap-
ply the maximum principle twice for subharmonic functions to show the
semisimplicity of Aut0(D). In our setting since M is open, the maximum
principle can not be applied. Therefore we need to develop a new method
to overcome this difficulty.
First by the work of Myers-Steenrod [MS39] we know that the automor-
phism group Aut(D) is a Lie group. If Aut(D) is discrete, Aut0(D) is trivial.
For this case, we are done with the proof of Proposition 3.1. So from now on
we assume that Aut(D) is a Lie group of positive dimension. Thus, Aut0(D)
is a closed connected Lie group which also has positive dimension.
We refer to [Fra89, Hel01, Rag72] for the basic facts of Lie groups.
First let us recall the following well-known definition.
Definition 3.4. (i) Let g be the Lie algebra of Aut0(D). The nilpotent
radical n of g is its maximal nilpotent ideal. We call the center of
n the abelian radical of g which is denoted by c.
(ii) Let C = exp c and N = exp n be the corresponding subgroups in
Aut0(D). We call C is the abelian radical of Aut0(D) and N is the
nilpotent radical of Aut0(D).
For any subgroup H < Aut(D) we let N (H) denote the normalizer of H
and h be the Lie algebra of H which is a subalgebra of g. Recall that given
any γ ∈ N (H), AdH(γ) : H → H is defined by
AdH(γ)(h) = γ
−1 · h · γ.
The derivative of AdH(γ), denoted by adH(γ), is given by
adH(γ) = d(AdH(γ))(e) : h→ h.
Recall that Aut0(D) is semisimple if and only if C is trivial, which is
equivalent to c = 0. One may refer to [Fra89, Lemma 10.3] for more details.
We assume that
dim(c) = l
where l is a nonnegative integer.
Our aim is to show that l = 0.
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From now on we assume that l > 0, and our strategy is to arrive at a
contradiction.
We outline the proof of Proposition 3.1 into two steps.
(i) We follow a similar idea in step-4 in the proof of [Fra89, Theorem
10.1] to apply a machinery of discrete subgroups of Lie groups in
[Rag72] to show that C/C ∩ Γ is compact. Essentially we will
check the condition ⊙ in Theorem 3.5. The idea is: if condition ⊙
in Theorem 3.5 is not true, then one follows Frankel’s method to
construct a non-constant subharmonic function gK onM . However,
from the structure ofM one can also show that such a function does
not exist, which will arrive at a contradiction.
(ii) Applying the result in step-1, saying that C/C ∩ Γ is compact, to
construct a function gC on D such that gC is Γ-invariant. So this
function can be also viewed as a function gC on M . The classical
Bochner-Weitzenbo¨ck type formula could tell that gC is a subhar-
monic function on M . Then similar to step-1, we use the structure
of M to show that gC ≡ 0 on M . However, it is known from step-2
in the proof of [Fra89, Theorem 10.1] that gC 6= 0 on M , which
will arrive at a contradiction.
Now we begin the first step which is to show that the abelian radical C
has a cocompact action. Similar as step-4 in [Fra89, Section 10] we will
apply the following result.
Theorem 3.5. [Fra89, Theorem 10.14] or [Rag72, Corollary 8.28] Let G
be a connected Lie group and A ⊂ G be a lattice. Let R be the radical of
G, N be the nilpotent radical, and let S ⊂ G be a semisimple subgroup such
that G = SR is a Levi-Malcev decomposition. Let σ be the action of S on
R, that is for all s ∈ S and r ∈ R,
σs(r) = s
−1 · r · s.
⊙ Assume that the kernel of σ has no compact factors in its identity
component.
If C is the center N , then C/C ∩A is compact.
In our settings we let G = Aut0(D) and A = Γ0. From Lemma 3.3 we
know that Γ0 is a lattice of Aut0(D). Since C ⊂ Aut0(D), C ∩ Γ = C ∩ Γ0.
Thus, by Theorem 3.5 we know that the following result directly follows by
verifying ⊙.
Proposition 3.6. The quotient C/C ∩ Γ is compact.
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Verifying ⊙. We argue by contradiction. Assume that ⊙ is not correct.
First we use a similar argument in step-4 in the proof of [Fra89, Theorem
10.1] to construct a Γ-invariant subharmonic function on D, and then use a
similar argument in [Wu17] to conclude that this function is the constant
zero function, which in particular implies that any compact factor in the
kernel of σ is trivial.
More precisely, similar to Theorem 3.5, let S ⊂ Aut0(D) be a semisimple
subgroup such that Aut0(D) = SR is a Levi-Malcev decomposition where
R is the radical of Aut0(D). Since S is semisimple, there exists a unique
maximal compact factor K of ker σ. In particular K is also semisimple. On
the level of Lie algebras, the Lie algebra k of K is a factor of g. It is clear
that Γ ⊂ N (K) because K is characteristic in S. Thus, for any γ ∈ Γ, the
map
adK(γ) : k→ k
is well-defined. Actually it is an isometry since the Killing form is a canonical
bi-invariant metric on k.
Let {Xi}1≤i≤k be an orthonormal basis for k where k = dim(k). Define a
function
fK : D → R
by
fK(x) =
k∑
i=1
|Xi(x)|
2
where Xi(x) =
d
dt
(exp(tXi) · x)|t=0.
For any γ ∈ Γ,
Xi(γ · x) =
d
dt
(γ · (γ−1 · exp(tXi) · γ · x))|t=0
= dγ(x) · adK(γ) ·Xi(x).
As above we know that adK(γ) acts on k as an isometry. By Theorem 2.1
we also know that γ acts on D as an isometry. Then we have,
|Xi(γ · x)|
2 = < dγ(x) · adK(γ) ·Xi(x), dγ(x) · adK(γ) ·Xi(x) >
= |Xi(x)|
2.
Thus, we have for any γ ∈ Γ and x ∈ D,
fK(γ · x) = fK(x).
So fK descends to a function, still denoted by fK, on M = D/Γ.
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Recall that the Ka¨hler-Einstein metric onM has constant Ricci curvature
−1. It follows from [Fra89, Lemma 10.15] that for all p ∈M ,
∆fK(p) =
k∑
i=1
(|∇Xi(p)|
2 + |Xi(p)|
2)
where ∆ is the Beltrami-Laplace operator in the sense of the Ka¨hler-Einstein
metric on M . In particular we have for all p ∈M ,
(3.1) ∆fK(p) ≥ fK(p) ≥ 0.
Next we will show that fK is a constant function.
Let gt denote the flow generated by the vector field grad fK . From The-
orem 2.1 we know that D (endowed with the Ka¨hler-Einstein metric) is
complete. In particular M is complete. Thus, gt is well defined for all t ≥ 0.
Suppose that fK is not a constant.
We let p0 ∈ M such that grad fK(p0) 6= 0. Along the flow line of gt
starting at p0, fK is increasing since for all s2 > s1 ≥ 0,
fK(gs2(p0))− fK(gs1(p0)) =
∫ s2
s1
|| grad fK(gt(p0))||dt(3.2)
≥ 0.
That is,
fK(gs2(p0)) ≥ fK(gs1(p0)) ∀s2 > s1 ≥ 0.
Since we assume that grad fK(p0) 6= 0, let s2 = 1 and s1 = 0 we have
fK(g1(p0)) > fK(p0) ≥ 0.
Therefore there exists a small enough constant r0 > 0 such that
inf
q∈B(p0,r0)
fK(g1(q)) > sup
q∈B(p0,r0)
fK(q)
where B(p0, r0) ⊂M is the geodesic ball centered at p0 of radius r0.
In particular we have
B(p0, r0) ∩ g1(B(p0, r0)) = ∅.(3.3)
Inequality (3.2) and equation (3.3) give that
B(p0, r0) ∩ gn(B(p0, r0)) = ∅ ∀n ∈ Z
+.(3.4)
Which also implies
(3.5) gn(B(p0, r0)) ∩ gm(B(p0, r0)) = ∅ ∀n 6= m ∈ Z
+.
Otherwise there exist two positive integers n0 > m0 ≥ 1 and q1, q2 ∈
B(p0, r0) such that gn0(q1) = gm0(q2). Since gt is a flow, gn0−m0(q1) = q2
which contradicts equation (3.4).
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On the other hand, for any t0 > 0 (we use Proposition 18.18 in [Lee13]),
we have
dVol(gt(B(p0, r0)))
dt
|t=t0 =
∫
B(p0,r0)
d
dt
|t=t0g
∗
t (dVol)(3.6)
=
∫
B(p0,r0)
g∗t0( Lgrad fK (dVol))
=
∫
B(p0,r0)
g∗t0(Div(grad(fK)) dVol)
=
∫
gt0(B(p0,r0))
∆fK dVol .
From equation (3.1) we have
dVol(gt(B(p0, r0)))
dt
|t=t0 ≥ 0 ∀t0 > 0.(3.7)
That is the flow gt is volume non-decreasing.
Thus, equation (3.5) and inequality (3.7) give that
Vol(M) ≥ Vol(∪∞k=1gk(B(p0, r0)))(3.8)
=
∞∑
k=1
Vol(gk(B(p0, r0)))
≥
∞∑
k=1
Vol(B(p0, r0))
= ∞
which contradicts our assumption that M has finite volume.
Thus, fK is a constant function. By equation (3.1) we know that
fK ≡ 0 on M.
Therefore, K is trivial.
The verification of condition ⊙ is complete.
We now begin the second step in the outline of the proof of Proposition
3.1 to complete the proof.
Proof of Proposition 3.1. We first recall a subharmonic function gC con-
structed in step-1 in the proof of [Fra89, Theorem 10.1] and then use the
result in our first step to show that this function gC is the zero constant
function. On the other hand, by work in [Fra89, Section 10] one knows
that this function is not always zero, which will arrive at a c
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Assume that Aut0(D) is not semisimple. Recall the c is the abelian radical
and we may assume that
dim(c) = l > 0
for some integer l.
It follows from [Fra89, Lemma 10.3] that
Γ ⊂ N (C).
Thus, for any γ ∈ Γ the map
adC(γ) : c→ c
is well-defined.
Same as [Fra89, Definition 10.10], we define the modular function
φC : Γ→ R
by
φC(γ) = det(adC(γ)).
It is clear that φC is a homomorphism.
From Proposition 3.6 we know that the quotient C/C ∩Γ is compact. By
[Fra89, Lemma 10.3] we know that
Γ ⊂ N (C ∩ Γ).
Then it follows from [Fra89, Lemma 10.12] that for all γ ∈ Γ,
(3.9) |φC(γ)| = 1
(where the group N in [Fra89, Lemma 10.12] is the abelian radical C of
Aut0(D) in our case.)
Let {Xi(x) ∈ T
1,0D}1≤i≤l be complete holomorphic vector fields on D
giving a basis for the Lie algebra c (tensor over C). For x ∈ D, we define
wC(x) := ∧iXi(x) ∈ ∧
kT 1,0D
and
gC(x) =< wC(x), wC (x) > .
Similar as in the proof of step-1 above, we have for any γ ∈ Γ and x ∈ D,
Xi(γ · x) =
d
dt
(γ · (γ−1 · exp(tXi) · γ · x))|t=0
= dγ(x) · adC(γ) ·Xi(x).
Thus, for any γ ∈ Γ and x ∈ D
gC(γ · x) = < wC(γ · x), wC(γ · x) >
= < ∧iXi(γ · x),∧iXi(γ · x) >
= (det(adC(γ)))
2 < ∧iXi(x),∧iXi(x) > (since γ is an isometry)
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= gC(x)
where we apply equation (3.9) for the last equality.
Thus, gC descends to a function, still denoted by gC , on M . Let ∆ is the
Beltrami-Laplace operator in the sense of the Ka¨hler-Einstein metric on M .
Recall that the Ka¨hler-Einstein metric on M has constant Ricci curvature
−1. It follows from the classical Bochner-Weitzenbo¨ck type formula [Fra89,
Lemma 10.5] that for all p ∈M ,
1
2
∆gC(p) = |∇w|
2(p) + l · gC(p).
In particular we have for all p ∈M ,
(3.10) ∆gC(p) ≥ gC(p) ≥ 0.
Thus we get a subharmonic function gC onM . Recall thatM is complete
and has finite volume. Then we apply the totally same argument in step-1
to conclude that
(3.11) gC ≡ 0 on M.
On the other hand, it follow from [Fra89, Corollary 10.9] that
(3.12) gC 6= 0 on M
which contradicts equation (3.11).
[Fra89, Corollary 10.9] follows directly by [Fra89, Lemma 10.8]. We
remark here that in the proof of [Fra89, Lemma 10.8] the manifold Ω is only
required to satisfy that Ω does not contain any holomorphic embedding of a
complex line. Since D is a bounded pseudoconvex domain, by the classical
Liouville’s theorem one knows that D can not contain any holomorphic
embedding of a complex line. The proof is complete.
Remark 3.7. In the proof of Proposition 3.1, besides the existence of a
complete Ka¨hler-Einstein metric of negative Ricci curvature on D, the as-
sumption that D is a bounded domain is only applied in (3.12) to arrive at
a contradiction to (3.11). Actually the proof of Proposition 3.1 yields the
following result.
Theorem 3.8. Let M be a complex manifold which admits a complete
Ka¨hler-Einstein metric of negative Ricci curvature and an open manifold
quotient of finite volume with respect to the Ka¨hler-Einstein measure. If
M does not contain any holomorphic embedding of a complex line, then
Aut0(M ) is semisimple.
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3.2. Aut0(D) has no compact factor. In this subsection we will finish
the proof of Proposition 3.2.
Proof of Proposition 3.2. We argue by contradiction.
Assume that Aut0(D) contains a nontrivial compact factor I.
By Proposition 3.1 we know that Aut0(D) is semisimple. Then we may
assume that K ⊂ Aut0(D) is the maximal compact factor containing I. On
the level of Lie algebras, the Lie algebra k of K is a factor of g. Since K
is characteristic in Aut0(D), Γ ⊂ N (K). So the map adK(γ) : k → k is
well-defined for any γ ∈ Γ. Since the Killing form is a canonical bi-invariant
metric on k, for any γ ∈ Γ
adK(γ) : k→ k
is an isometry.
Similar to the argument as in step-1 in the proof of Proposition 3.1 we
let {Xi}1≤i≤k be an orthonormal basis for k where k = dim(k). And define
a function
fK : D → R
by
fK(x) =
k∑
i=1
|Xi(x)|
2
where Xi(x) =
d
dt
(exp(tXi) · x)|t=0.
For any γ ∈ Γ,
Xi(γ · x) =
d
dt
(γ · (γ−1 · exp(tXi) · γ · x))|t=0
= dγ(x) · adK(γ) ·Xi(x).
As above we know that adK(γ) acts on k as an isometry. By Theorem 2.1
we also know that γ acts on D as an isometry. Thus, we have for any γ ∈ Γ
and x ∈ D,
fK(γ · x) = fK(x).
So fK descends to a function, still denoted by fK , on M = D/Γ.
Then we apply [Fra89, Lemma 10.15] to get that for all p ∈ D,
∆fK(p) ≥ fK(p) ≥ 0.
Again we get a nonnegtaive subharmonic function on M . Recall that
Theorem 2.1 tells that D is complete. In particular M is complete and has
finite volume. Then we can apply the same argument as in step-1 in the
proof of Proposition 3.1 to get
fK ≡ 0 on M
which is a contradiction since k = dim(K) ≥ 1.
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Similar to Remark 3.7, the proof of Proposition 3.2 yields the following
result.
Theorem 3.9. Let M be a complex manifold which admits a complete
Ka¨hler-Einstein metric of negative Ricci curvature and an open manifold
quotient of finite volume with respect to the Ka¨hler-Einstein measure. If
M does not contain any holomorphic embedding of a complex line, then
Aut0(M ) has no nontrivial compact factor.
Remark 3.10. Following Question 1.1, it is very interesting to know whether
the assumption, that M does not contain any holomorphic embedding of a
complex line, in Theorem 3.8 and 3.9 can be removed. And we also hope
that Theorem 3.8 and 3.9 can be applied to study other related problems.
4. Bounded domains with finite-volume quotients in C2
In this section we finish the proofs of Theorem 1.3 and 1.5. We begin by
recalling the following theorem of Nadel, which is crucial in the proofs of
Theorem 1.3 and 1.5.
Theorem 4.1. [Nad90, Theorem 5.1] Let (M,g) be a connected, simply
connected, complete Ka¨hler-Einstein surface and let G be a connected Lie
group acting biholomorphically and isometrically on (M,g). Assume that G
acts effectively and that dimRG ≥ 6. Then (M,g) is a Hermitian symmetric
space.
Let D ⊂ C2 be a contractible bounded pseudoconvex domain. By The-
orem 2.1 one knows that there always exists a complete Ka¨hler-Einstein
metric ω on D and Aut(D) acts biholomorphically and isometrically on
(D,ω). So we can view D as a complete Ka¨hler-Einstein surface. By the
classification of Hermitian symmetric space of complex dimension two it fol-
lows that D is biholomorphic to either B or D×D. Therefore, by Theorem
4.1 it remains to prove Theorem 1.3 for the case that
dimR(Aut(D)) ≤ 5.
Since D has a finite-volume manifold quotient M , it follows by Theorem 3.8
and 3.9 that Aut0(D) is semisimple without compact factor. As in [Nad90,
Section 6], by the classification of complex semisimple Lie algebras it is not
possible for Aut0(D) to have real dimension 1, 2, 4 or 5. For the remaining
of this section we always assume that
(4.1) dimR(Aut0(D)) = 3.
We will arrive at a contradiction.
The following result of Shabat is crucial in this section.
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Theorem 4.2. [Sha77, Theorem 2] Let D ⊂ C2 be a contractible bounded
pseudoconvex domain. Then one of the following three assertions is valid:
(i) The quotient D/Aut0(D) is a separable manifold and D → D/Aut0(D)
is a locally trivial fibration.
(ii) There exists a point in D fixed under the action of Aut(D).
(iii) There exists a complex analytically imbedded one-dimensional disk
D in D which is Aut(D)-invariant.
In the proof of Theorem 4.2 in [Sha77] assertion (i) happens only if the
dimensions of the orbits of all the points are the same, which is [Sha77,
Proposition 1]. Assertion (ii) and (iii) happen only if the dimensions of the
orbits are not the same, which is [Sha77, Proposition 2]. Now we are ready
to prove Theorem 1.3.
Proof of Theorem 1.3. First recall that
(4.2) dimR(Aut0(D)) = 3.
Let Γ = π1(M). It follows from (4.2) and Lemma 3.3 that Γ is an infinite
group. That is,
(4.3) |Γ| =∞.
Since Γ acts properly discontinuously on D, assertion (ii) of Theorem 4.2
can not hold; otherwise it contradicts to (4.3).
If assertion (iii) of Theorem 4.2 holds, then D/Γ is a complex one-dimensional
surface. Since D is contractible, by our assumption we know that χ(Γ) =
χ(M) > 0. The complex one-dimensional surface of positive Euler charac-
teristic number is homeomorphism to either a sphere or a disk, which in
particular implies that Γ is trivial, which contradicts (4.3).
Thus, only assertion (i) may happen. From the discussion above (or
[Sha77, Proposition 1]) we may assume that the dimensions of the orbits
of all the points are the same. We will arrive at a contradiction.
By Proposition 3.8 we know that Aut0(D) is semisimple. Thus, we apply
[Nad90, Lemma 6.1] to get the maximal compact subgroup K of Aut0(D)
is real one dimensional. Since the isotropy groups of Aut0(D) are compact,
in particular they have dimension ≤ 1. Thus, from (4.2) there are only two
cases to consider:
Case 1. ∀x ∈ D, dimR{Aut0(D) · x} = 2.
Case 2. ∀x ∈ D, dimR{Aut0(D) · x} = 3.
First we consider Case 1.
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In this case for every point x ∈ D, the isotropy group
Kx := {φ ∈ Aut0(D); φ(x) = x}
is a one-dimensional compact subgroup of Aut0(D). Define
F := {y ∈ D; φ(y) = y, ∀φ ∈ Kx}.
Then F is a closed complex submanifold of D. Consider the map
H : Aut0(D) · x× F → D
(γ(x), y) 7→ γ(y).
It follows from [Nad90, Lemma 6.1] that for all x ∈ D, the isotropy group
Kx is a maximal subgroup of Aut0(D). Thus, this map H is bijective. Next
we will show that the map H is biholomorphic. It suffices to show that H
is holomorphic.
The following argument is due to Frankel [Fra89, Lemma 11.9]. For
completeness, we give an outline of the proof for the holomophicity of H
here. One may refer to [Fra89, Lemma 11.9] or [Nad90, Page 2018] for
more details.
To prove that H is holomorphic, by the classical Hartogs’ or Osgood’s
theorem it suffices to show that H is holomorphic separately in each factor.
Firstly it is clear that the map H is holomorphic in the second variable
because H(γ(x), ·) = γ(·).
Proof that H is holomorphic in the first variable. It suffices to show
that for a fixed point y ∈ F the induced map, still denoted by H, H :
Aut0(D)/Kx → D defined by H(∗) = H(∗(x), y) is holomorphic (for one of
the two choices of homogeneous complex structures on Aut0(D)/Kx). It is
reduced to show that the orbit Aut0(D) · y is a complex submanifold of D.
For this by homogeneity it suffices to show that the real tangent space to
the orbit Aut0(y) at y is J-invariant where J is the complex structure tensor
for D. At the point x ∈ D we have the following direct sum decomposition
of real tangent vector spaces as
Tx(D) = Tx(Aut0(D) · x)⊕ Tx(F ).
Since Kx acts trivially on the second summand the nontrivially on the first,
we see that the summands are J-invariant since the action of Kx on Tx(D)
commutes with the action of J .
Therefore, we have that the map H is biholomorphic. From [Nad90,
Lemma 6.1] we know that the orbit Aut0(D) · x = (Aut0(D)/Kx) · x is
biholomorphic to the unit disk D. Since D is contractible, F is simply-
connected. The uniformization theorem of Riemann surfaces implies that F
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must be biholomorphic to P1,C or D. Thus, Aut0(F ) ≥ 2. Therefore, we
have
dimRAut0(D) ≥ dimRAut0(D) + dimRAut0(F ) > 3
which contradicts to (4.2).
Now we consider Case 2.
As above we know that only assertion (i) of Theorem 4.2 may happen.
Thus, D → D/Aut0(D) is a locally trivial fibration. Since D is con-
tractible, it follows from the standard exact homotopy sequence of the fibra-
tion D → D/Aut0(D) that D/Aut0(D) is contractible (One may also apply
the work in [Oli76] in a more general setting to conclude that D/Aut0(D)
is contractible). Thus, by our assumptions that dimR{Aut0(D) · x} = 3 for
all x ∈ D and dimR(D) = 4 we have D/Aut0(D) is homeomorphic to the
real line. That is,
D/Aut0(D) ∼= R.
Recall that Γ = π1(M) and Γ0 = Γ ∩ Aut0(D). The following effective
action of the group Γ/Γ0 on D/Aut0(D) is well defined:
Γ/Γ0 ×D/Aut0(D) → D/Aut0(D)
(γΓ0, [x]) 7→ [γ(x)].
Set
T = (D/Aut0(D))/(Γ/Γ0).
It is not hard to see that T is a manifold and the action above induces a
natural map
θ :M → T
defined by θ(p) = [p˜] where p˜ ∈ D is a lift point of p, which is a locally
trivial fibration (one may see [Sha77, Page 140] for more details). Since
D/Aut0(D) ∼= R, the manifold T is homeomorphic to either R or the unit
circle S1.
Case 2-1. T ∼= R. Then we have Γ/Γ0 is trivial. That is, Γ = Γ0.
It follows from Lemma 3.3 that Γ = Γ0 is a lattice of Aut0(D). Let K
be a maximal compact subgroup of Aut0(D). Thus, Γ is also a lattice of
Aut0(D)/K. From [Nad90, Lemma 6.1] we know that Γ\Aut0(D)/K is a
hyperbolic surface of finite-volume. In particular, we have that the Euler
characteristic number
χ(Γ) < 0
which contradicts to our assumption that χ(M) = χ(Γ) > 0 because D is
contractible.
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Case 2-2. T ∼= S1. It is clear that χ(T ) = 0. Since θ : M → T is a
fibration, we have χ(M) = χ(T ) × χ(B) = 0 where B is a fiber. Then, we
get a contradiction since χ(M) = χ(Γ) > 0 because D is contractible.
Before proving Theorem 1.5, let us recall some basic facts of the bounded
pseudoconvex domain constructed by Griffiths [Gri71]. Let V be an irre-
ducible, smooth, quasi-projective algebraic variety over the complex num-
bers. The main results in [Gri71] are
Theorem 4.3 (Griffiths). Given a point p ∈ V , there is a Zariski neighbor-
hood U of p in V such that
(i) the universal covering D of U is topologically a cell, in particular it
is contractible.
(ii) D is biholomorphic to a bounded pseudoconvex domain.
(iii) There exists a complete Ka¨hler metric ds2 on U such that (U, ds2)
has finite-volume and uniformly negative holomorphic sectional cur-
vatures.
We just consider the case that dimC U = 2.
It follows from [Gri71, Lemma 2.2] that the Zariski neighborhood U in
Theorem 4.3 satisfies that there exists a Riemann surface Sg1,n1 of genus g1
with n1 punctures and a rational holomorphic map
π : U → Sg1,n1
which is a locally trivial smooth fibration such that each fiber π−1(s) is
a Riemann surface Sg2,n2 of genus g2 with n2 punctures. It is clear that
both Sg1,n1 and Sg2,n2 have negative Euler characteristic numbers. Thus,
the universal covering D of U is a disc fibration over the unit open disc.
Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. First by Theorem 4.3 one knows that D is biholomor-
phic to a bounded pseudoconvex domain. By Theorem 2.1 there always ex-
ists a complete Ka¨hler-Einstein metric ω onD, which descends to a complete
Ka¨hler-Einstein metric, still denoted by ω on U because π1(U) ⊂ Aut(D).
In particular, the Ricci form Ric(U,ω) = −ω. Then one may apply [Gri71,
Proposition 7.3] to get that
Vol((U,ω)) <∞.
Since both the base and fibers of locally trivial smooth fibration π : U →
Sg1,n1 are Riemann surfaces of negative Euler characteristic numbers, the
Euler characteristic number
χ(U) = χ(Sg1,n1)× χ(Sg2,n2) > 0.
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By Theorem 4.3 of Griffiths we know that the universal covering D of (U,ω)
is biholomorphic to a contractible bounded pseudoconvex domain. Thus,
one may apply Theorem 1.3 to get that either the automorphism group
Aut(D) is discrete, or D is biholomorphic to B, or biholomorphic to D×D.
From [IN05, Theorem 1] we know that D cannot be biholomorphic to the
complex two dimensional unit ball B. From our assumption we know that D
is not biholomorphic to the bi-disk D×D. Therefore, the conclusion follows.
That is, Aut(D) is discrete.
5. HHR/USq complex manifolds with finite-volume quotients
In this section we firstly finish the proof of Theorem 1.6 by applying
Theorem 1.3, and then prove Theorem 1.7 and 1.11.
Proof of Theorem 1.6. Since D ⊂ C2 is HHR/USq, it follows from [Yeu09,
Lemma 2] that D is a bounded pseudoconvex domain. Since dimC(D) = 2,
it follows from Proposition 2.4 that the signature
sign(χ(M)) = (−1)2 = 1 > 0.
Then the conclusion directly follows by Theorem 1.3.
The proof of Theorem 1.6 highly depends on the assumption dimC(D) =
2. For higher dimensional case, before we prove Theorem 1.7 and 1.11, we
prepare two propositions which have their own interests: one is to show that
the group Aut0(D) has finite center; and the other one is to show that up
to a finite-index subgroup, Γ must split such that one factor is just from Γ0.
We first show that
Proposition 5.1 (Finite Center). The group Aut0(D) has finite center.
Proof. Let Γsol denote the unique maximal normal solvable subgroup of Γ0.
Since Γsol is unique, it is a characteristic subgroup in Γ0. So it is normal
in Γ. Since Γsol is solvable, it is amenable. From Proposition 2.4 and [L0¨2,
Theorem 7.2(1),(2)] we have Γsol is finite. By Lemma 2.3 we know that Γsol
is torsion-free. Thus,
Γsol = {e}.
Let Autsol0 (D) be the solvable radical of Aut0(D) and Aut
ss
0 (D) be the
connected semisimple Lie group Aut0(D)/Aut
sol
0 (D). Then we apply a for-
mula of Prasad [Pra76, Part (2) of Lemma 6] to get
rank(Γsol) = χ(Autsol0 (D)) + rank(Z(Aut
ss
0 (D)))
where χ(Autsol0 (D)) is the dimension of Aut
sol
0 (D) minus that of its maxi-
mal compact subgroup, and rank(Z(Autss0 (D))) is the rank of the center of
Autss0 (D).
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Since Γsol = {e}, we have
(i) χ(Autsol0 (D)) = 0. In particular, Aut
sol
0 (D) is compact.
(ii) rank(Z(Autss0 (D))) = 0. Thus, Z(Aut
ss
0 (D)) is finite.
Since Autsol0 (D) is both compact and solvable, it is a torus T . Thus, the
automorphism group of Autsol0 is discrete. Meanwhile, it follows from the
exact sequence
{e} → Autsol0 (D)→ Aut0(D)→ Aut
ss
0 (D)→ {e}
that the natural conjugation action of the group Autss0 (D) on Aut
sol
0 (D) is
trivial. In particular, Autsol0 (D) is a compact factor of Aut0(D). Thus, from
Proposition 3.2 we know that
Autsol0 (D) = {e}.
From the exact sequence above we get
Aut0(D) = Aut
ss
0 (D).
By (ii) we know that Z(Aut0(D)) = Z(Aut
ss
0 (D)) is finite.
The following result is crucial in the proof of Theorem 1.7.
Theorem 5.2 (Split). Let D be a contractible HHR/USq complex manifold
with a finite-volume manifold quotient whose fundamental group is Γ. Then
there exists a finite index subgroup Γ′ of Γ such that
Γ′ ∼= Γ′0 × Γ
′/Γ′0
where Γ′0 = Γ
′ ∩Aut0(D) which is a finite index subgroup of Γ0.
Proof. Consider the exact sequence
(5.1) {e} → Γ0 → Γ→ Γ/Γ0 → {e}.
Our aim is to show that after replacing Γ by a finite index subgroup Γ′ if
necessary, the exact sequence above splits as a direct product.
It is well-known [ML95, Chapter IV, Theorem 8.8] that such an extension
like equation (5.1) is determined by
(i) a representation ρ : Γ/Γ0 → Out(Γ0), and
(ii) a cohomology class in H2(Γ/Γ0;Z(Γ0))ρ where Z(Γ0))ρ is a Γ/Γ0-
module via ρ.
In particular, if the representation ρ and the center Z(Γ0) are both trivial,
we get the trivial extension. That is, Γ = Γ0 × Γ/Γ0.
First from Proposition 3.1, 3.2 and Lemma 3.3 we know that Γ0 (or any
finite index subgroup of Γ0) is a lattice in a semisimple Lie group Aut0(D)
without compact factors. From Proposition 5.1 we know that Aut0(D) has
finite center. So the center Z(Γ0) is finite. By Lemma 2.3 we know that Γ0
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is torsion-free. So the center Z(Γ0) is trivial. Thus, it suffices to show that
after replacing Γ by a finite index subgroup Γ′ if necessary, the representation
ρ : Γ/Γ0 → Out(Γ0)
is trivial.
Consider the exact sequence
(5.2) {e} → Aut0(D)→< Aut0(D),Γ >→ Γ/Γ0 → {e}
where< Aut0(D),Γ > is the smallest subgroup of Aut(D) containing Aut0(D)
and Γ. The conjugation action of Γ on Aut0(D) induces a representation
ρ1 : Γ/Γ0 → Out(Aut0(D)).
From Proposition 3.1 we know that Aut0(D) is semisimple. By [Hel01,
Chapter IX, Theorem 5.4] we know that Out(Aut0(D)) is finite. Up to a fi-
nite index subgroup of Γ if necessary, we may assume that the representation
ρ1 is trivial. This gives a representation
ρ2 : Γ/Γ0 → Aut0(D)/Z(Aut0(D)).
Since the conjugation action of Γ on Aut0(D) preserves Γ0, the image
ρ2(Γ/Γ0) ⊂ NH(Γ0)/Γ0
where H = Aut0(D)/Z(Aut0(D)).
By Proposition 3.1, 3.2 and Lemma 3.3 we know that Γ0 is a lattice in a
semisimple Lie group Aut0(D) without compact factors. Let K < Aut0(D)
be a maximal compact subgroup. From Lemma 3.3 we know that the man-
ifold Γ0\Aut0(D)/K is a local symmetric space of nonpositive sectional
curvature with finite-volume. It is clear that
NH(Γ0)/Γ0 ⊂ Isom(Γ0\Aut0(D)/K)
It is well-known that Isom(Γ0\Aut0(D)/K) is a finite group (one may
refer to [Yam85, Theorem 2] for a more general statement). Thus, the
image ρ2(Γ/Γ0) is finite. Up to a finite index subgroup of Γ if necessary,
we may assume that the representation ρ2 is trivial. Thus, the conjugation
action of Γ on Γ0 is only by inner automorphisms of Γ0. As above we know
that the center Z(Γ0) is trivial. Therefore, the representation
ρ : Γ/Γ0 → Out(Γ0)
is trivial. The proof is complete.
Now we are ready to prove Theorem 1.7 and 1.11.
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Proof of Theorem 1.7. Case 1: Aut(D) is not discrete.
First from Theorem 5.2 we get a finite index subgroup Γ′ of Γ such that
Γ′ ∼= Γ′0 × Γ
′/Γ′0.
Recall that we assume that Γ is irreducible. Thus, either Γ′0 is trivial
or Γ′/Γ′0 is trivial. Since Aut(D) is not discrete, from Lemma 3.3 Γ0 has
infinite elements. So we have Γ′/Γ′0 is trivial. Thus,
Γ′ ∼= Γ′0.
In particular,
[Γ : Γ0] <∞.
Let K < Aut0(D) be a maximal compact subgroup. By Proposition 3.1,
3.2 and 5.1 we know that the quotient Aut0(D)/K is a noncompact type
symmetric space without compact or Euclidean factors. Thus, from Lemma
3.3 we know that Γ0\Aut0(D)/K is aspherical and has bounded geometry.
Actually the injectivity radius of the universal cover Aut0(D)/K is infinite
because it is nonpositively curved.
On the other hand, by our assumption thatD is contractible and Theorem
2.2 we know that the quotient D/Γ0 is also aspherical and has bounded
geometry (in the sense of Ka¨hler-Einstein metric).
By Proposition 2.4 we know that the Euler characteristic number
χ(Γ) 6= 0.
Since Γ0 is a subgroup of Γ of finite index,
χ(Γ0) 6= 0.
By applying [CG86, Corollary 5.2] we know that
dim(D) = dim(Aut0(D)/K).
For any x ∈ D we let Kx < Aut0(D) be the isotropy group fixing x. It is
clear that
dim(Aut0(D)/K) ≤ dim(Aut0(D)/Kx)
and
dim(Aut0(D)/Kx) ≤ dim(D).
Therefore, we get
dim(Aut0(D)/K) = dim(Aut0(D)/Kx)
which gives that
Kx = K, ∀x ∈ D.
That is, D is homogenous. Since it has a quotient of finite-volume, D is
symmetric (one may see works of Borel-Hano-Koszul [Han57] for details).
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Case 2: Aut(D) is discrete. It suffices to show that
[Aut(D) : π1(M)] <∞.
The following argument is standard. Let FD be a fundamental domain
for the action of Aut(D) on D. We choose the Ka¨hler-Einstein measure
induced by the Ka¨hler-Einstein metric on D. By Theorem 2.1 of Mok-Yau
we know that Aut(D) acts on D as isometries. Since Aut(D) is discrete,
0 < Vol(FD) <∞.
Similarly we let FM be a fundamental domain for the action of π1(M) on
D. Since M has finite volume,
0 < Vol(FM ) <∞.
Hence,
[Aut(D) : π1(M)] <∞.
Otherwise; let {γi}i≥1 be a sequence of coset representatives for π1(M) in
Aut(D), then
FM =
⋃
i≥1
γi · FD.
Since FD is a fundamental domain, Vol(γ ·FD∩FD) = 0 and Vol(γ ·FD) =
Vol(FD) for all γ ∈ Aut(D). Thus,
Vol(FM ) =
∑
i≥1
Vol(γi · FD) =∞,
which is a contradiction.
Proof of Theorem 1.11. Since Γ < Aut0(D),
Γ = Γ0.
By Proposition 2.5 we know that Aut0(D) is a Lie group of positive di-
mension. Similar to the proof of Theorem 1.7, let K < Aut0(D) be a
maximal compact subgroup. By Proposition 3.1, 3.2 and 5.1 we know that
Γ0\Aut0(D)/K is aspherical and has bounded geometry. Meanwhile, by
Theorem 2.2 and our assumption on finite-volume we have that D/Γ0 is
also aspherical and has bounded geometry (in the sense of Ka¨hler-Einstein
metric). By Proposition 2.4 and [CG86, Corollary 5.2] we know that
dim(D) = dim(Aut0(D)/K).
Then we use the same argument in the end of the proof of Theorem 1.7
to finish the proof. For any x ∈ D we let Kx < Aut0(D) be the isotropy
group fixing x. It is clear that
dim(Aut0(D)/Kx) ≤ dim(D)
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and
dim(Aut0(D)/K) ≤ dim(Aut0(D)/Kx).
Therefore, we get
dim(Aut0(D)/K) = dim(Aut0(D)/Kx)
implying that
Kx = K, ∀x ∈ D.
That is, D is homogenous. Since it has a quotient of finite-volume, D is
symmetric by Borel-Hano-Koszul [Han57].
In the proofs of Theorem 1.7 and 1.11 the key step is to show that Γ0 is
a lattice of a semisimple Lie group without compact factors of finite center.
It is unclear for the relation between the HHR/USq manifold D and the
semisimple Lie group Aut0(D). The following question is interesting.
Question 5.3. Let D be a contractible HHR/USq complex manifold which
holomorphically covers a manifold of finite-volume with the fundamental
group Γ. If Γ is isomorphic to a lattice in an irreducible Hermitian sym-
metric space N of noncompact type other than the hyperbolic plane, is D
(anti)biholomorphic to N?
Remark 5.4. If the Ka¨hler-Einstein metric on D has nonpositive sectional
curvature, [BE87, Theorem D] of Ballmann-Eberlein tells that D and N
are isometric with respect to the Ka¨hler-Einstein metrics.
We end this section by the following result whose proof is a combination
of several known results. It gives a positive answer to Question 5.3.
Proposition 5.5 (Holomorphicity Rigidity). Let D be a contractible HHR/USq
complex manifold which holomorphically covers a manifold of finite-volume
whose fundamental group is Γ. If Γ is isomorphic to a lattice in an irre-
ducible Hermitian symmetric space N of noncompact type without Euclidean
de Rham factor other than the hyperbolic plane, then D is (anti)biholomorphic
to N .
Proof. From Theorem 2.2 we know that D/Γ has bounded geometry (in the
sense of Ka¨hler-Einstein metric). It is clear that N/Γ also has bounded
geometry. Meanwhile, by Proposition 2.4 we know that the Euler charac-
teristic number
χ(Γ) 6= 0.
Since both D/Γ and N/Γ are aspherical of bounded geometry, we apply
[CG86, Corollary 5.2] to get
dim(D) = dim(N)
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because χ(Γ) 6= 0.
Since D is a HHR/USq complex manifold and D/Γ has finite volume, it
follows from [Yeu09, Corollary 2] that D/Γ is quasi-projective variety of
log-general type. Finally, thanks to Jost-Zuo [JZ97, Theorem 2.1] we get
that D is (anti)biholomorphic to N .
6. One conjecture
In this last section, we begin with a folklore conjecture which is stated in
the introduction. And then we apply Theorem 1.7 to provide two partial
answers, which are Theorem 1.16 and 1.17.
Conjecture 6.1 (=Conjecture 1.12). A bounded convex domain with a
finite-volume quotient is biholomorphic to a bounded symmetric domain.
In light of Theorem 1.7, whether a one-parameter of automorphism groups
of D exists is essential to study Conjecture 6.1. If the boundary of D has
certain regularity, it is known that the works in [Fra89, Kim04] can produce
a continuous parameter of automorphisms. Now we are ready to prove
Theorem 1.16 and 1.17.
Proof of Theorem 1.16. Since the fundamental group π1(M) < Aut(D),
firstly by Proposition 2.5 we know that the automorphism group Aut(D)
is non-compact. Thus, from our assumption that the boundary of D is C1-
smooth, it follows from the so-called rescaling method in [Fra89, Kim04]
that Aut(D) contains a continuous one parameter subgroup. One may also
see [Zim17a, Proposition 5.1] for this point. In particular, Aut(D) is not
discrete. Recall that a bounded convex domain is HHR/USq. Then, by
Theorem 1.7 we know that D is biholomorphic to a bounded symmetric
domain.
If D is of rank one, that is, the domain D is biholomorphic to the unit
ball. Then, we are done.
Assume that D is of rank ≥ 2, we will arrive at a contradiction. Since D
is convex, by the work of Mok and Tsai [MT92, Main Theorem] one may
assume that D is the image of the classical Harish-Chandra emmbedding up
to an affine linear transformation of Cn. That is, D = T ◦ τ ◦ φ(X0) where
T is an affine linear transformation of Cn, τ is the classical Harish-Chandra
emmbedding, φ is an automorphism of X0 and X0 is a standard Hermitian
symmetric manifold of non-compact type and of rank ≥ 2. It is known
that the boundary of the Harish-Chandra emmbedding τ ◦φ(X0) can not be
C1-smooth since it has corners. In particular, D can not have C1-smooth
boundary, which contradicts our assumption.
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Proof of Theorem 1.17. It follows from the same argument as in the proof
of Theorem 1.16 above, except the step that we apply Theorem 1.6 instead
of applying Theorem 1.7 because we do not assume that the fundamental
group of the quotient is irreducible.
Remark 6.2. If the bounded domain D has C2 smooth boundary, it is
known that there exists a strongly pseudoconvex point p on the boundary
of D near which the geometry behaves similarly as the one in the complex
hyperbolic unit ball. Under the same conditions in Theorem 1.16 or 1.17, it
is interesting to know that without using Theorem 1.6 and 1.7 in this article,
whether one can find an orbit in D converging to p, which would also imply
that D is biholomorphic to the unit ball by works in [Won77].
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